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UNIT

TWO

Functions and L imit

UNIT-2.1

3.1.11 Function

2.1.1 Introduction

The concept of function sis very fundamental in Advance and Modern mathematics. Many
mathematicians have contributed to the simple development of idea of function. In 1673, Liebnitz give
the definition of function in the context of co-ordinates, the slope of anormal at a point on curve and
slope of tangent, as a quantity at every point.

2.1.2 Function
We study afunction. It is one of the most important concepts in mathematics.
Definition: Let A and B be two non-empty sets. If 3 f: A— B suchthat f < (AxB) and f = Q.
Then f: A— B iscaled afunction, if Vxe A, there corresponding a unique ordered pair
(x, f(x))ef.
The set Ais called the domain and B is called co-domain of f. Theset {y = f(X)[(x,y) e f} is

called the range of f. The domain and range of f are denoted by D, and R, respectively.

Example-1: Let N bethe set of natural numbers. Define areal valued function
f: N—>Nbyf (x) =3x+ 1. Using thisdefinition, complete the table given below.

X 1 3 4 S 6

f(x)

Soln:- The complete table

X 1 3

f(X) 4 10

Example-2: Find the range of following functions:
1. f:No>Rf(X)=2x*-1,xeN

2. f:N—>Q,f(x):i2—1,XGN
X

Sol:- 1. Here, xe N then x* >0
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oo 2x2—1>-1,forany xe N
s f(X)> -1
Thus R, = (-1,00).

2. Here, xe N then iz>0
X

1
" F_1>_1
() >-1
Thus R, =(-1).

2.1.3 Typeof somefunctionsand properties:
1. Oneone If f:A— Bbeany function. Then f issaid to be one-one function. If
dVabe A suchthat f(a)= f(b) thena=b.
. Many-onefunction: A function f issaid to be many one function, if f is not one-one
function.
. Onto function: A function f is called onto function, each elements of codomain isthe
image of some element of domain.
. lIdentity function: A function | : A— A issaid to be identity finction, if 1(x)=x, for
any xe A.
. Constant function: A function f is said to be constant function, if f(x)=c, for cis
constant.
. Bijectivefunction: Let f be any one-one and onto function. Then f is said to be
bijective function.
2.1.4 Algebraof functions: Let f: A— B and g:C — D then
1. Addition/Subtraction of two functions. (f +g)(x) = f(x)+g(x), for al x.
2. Multiplication by scalar: f(ax)=af(x).
3. Multiplication of two functions: (fg)(X)=f(x)g(X).

. Division of two functions: (ij(x):M
g g(x)
5. Composition of function: (f o g)(x)= f (g(x)) or (g f)(X)=g(f(x)).
6. Inversefunction: A function f *issaid to be inverse function of afunction f, if

(F Lo f)(X) =1 =(fof™)(x).
Example-:3 If f(x)=x?and g(x)=2x+1then find (f+g)(x), (f-g)(X), fg(x), f *(x), g *(x)

(é](x), (F o 9)(%), (@ F)(¥)..

Soln:- Heref(x)=x?and g(x)=2x+1.
Now, (f+g)(X)=f(x)+g(X)=x°+2x+1,
(f-0)()=f(x)-g(x)=x"*-2x-1,
fg()=f(x)g(x)=x"(2x+ 1)= 2+,
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f(X X?
( j( X)= ggx; 2x+1’
(fog)(¥=f(g(x) = f(2x+1) = (2x+1)* = 4x* + 4x+1,
(go F)(X)=g(f(x) = f(x*)=2x"+1
And suppose f(X)=x*=y
then x=./y . So, f 1(x)=Vx.

Now suppose g(x)=2x+1=z

Then x_ZTl So, g’l(x)_ ey

Example-:4 If f(x)=log,x and g(x)=x* then provethat (f-g)(2)=4. (June 2009)
Soln:- Here g(x)=x*
g(2)=2"=16
Now f(x)=logyx
(f-9)(2)=f(9(2))=f(16)=l0g,16=l0g,2*=4(1)=4

Example-:5 If f(x)=2x+1 and g(x)=x>-2, then find
i.) gof
ii.)feg .
Soln:-i.) (g (x)=9(f(x))
=g(t) where suppose t=f(x)
=t%-2=(2x+1)%-2=4x%+4x-1
ii.) (Fg)(x)=f(9(x))
=f(w) where w=g(x)
=2w+1=2(3-2)+1=2x*-3

Example-:6 If f:Z — R beany function isdefined by f(x) =

3X+2
c

Soln:- Suppose y = 3x+2 .

S5y =3x+2
~.By—2=3x
.5y-2_
.

S =

Example-:7 If f(x)_1+—x then prove that f[f*xi’/]: £(x) f(y). (June 2013)
+

X+y l+xy+x+y 11+X)+yd+x)  1+x)1+y)
1+ xy 1+ xy 1+ xy 1+ xy
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Lily, 1- X+y (A-x)(1-y) adso f(X)_l+x
1+xy 1+ xy 1-x
Xx+y ([A+x)0+Yy)

1+

_ X+Yy 1+ xy 1+xy
LHS=f = -
( j 1 Xty (A=xA-y)

1-xy 1+ xy
j= FO)f(y)

1+ xy

C(1+xA+y) (1+ xj 1+y
B @-xQ-y) la-x )l 1- y
=R.H.S

Example-:8 Provethat f :R— R, f(X)=ax+b isbijective.
Soln:- Letf(x) f(y)

.. axtb=ay+b

.. ax=hy

LX=y

.. fisone-one function.

. fisonto
. T ishijection map.
_ 1-x
Example-:91f f(x)=——, provethat
1+ X
i) f(x)=f (X

i) f(x)+ f (Ej =0  (July 2010,2014)
X

i) f()-f (ij = 2f(x) (Dec. 2008, June2014)

iv)  F()f(=x)=1 (June 2011,2013)
Soln:- i) (fef)(x) = f(f(x)
1-x
_ f(l—xj: s
1+ X 1+1—7X
1+x

1+ x=1+x
1+ x+1-Xx
= (fof)(X)=x
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= f(x) = f (X

MLHSfX)+f )1(}

1x1*

14X 1+

1- X+ x-1
1+x x+1

1
X _
1
X

_1-x+x-1
1+x

i) L.H.S=f (x) - f (ij
X

_1—x_x—1_1—x+1—x
14X Xx+1 14X 1+X
1-X

=2——=2f(X)=R.H.S
1+ X

=0=R.H.S

1-x 1-(-x) 1-x 1+X

= =1=R.H.S
1+x 1+(—x) 1+x 1-X

iv)LH.S=f(X)f(-x)=

Example-:10 If f(x)=log x, provethat
i). f(xy)=f(x)+f(y) and
i). f(x/y)=f(x)-f(y). (jan. 2012, Dec. 2013)
Soln:- Here f(x)=10gx
i) f(xy)=log xy=log x+log y=f(x)+f(y)
i) f(xy)=log (x'y)=log x-log y=f(x)-f(y).

Example-:11 If f(x)=|og(ilj,provethat fa+1)+ f(a) = Iog( j (june 2014)
X_

Soln:- Here f(x)=log(xi_1j thenf(a)=log(ai_1j and f(a+1)= |og[ ;flj Ig(a;_lj

LHS= f(a+l)+f(a)=f(a+l) = |og(a7”j+|og(ai_lj

:Iog(a—ﬂijzlog[aJrl) =R.H.S
a a-1 1

2X

Example-:121f f(x) = Iog( j then provethat f(l 2j:Zf(x).(Dec. 2014)
+ X +X

2X

1+ x?

Soln:- Here f(x):log(l_—x)now suppose that y =
+ X
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= 2f(x)
=RH.S

Example-: 13 If f(X) =

Sﬂm-Haat:3+5X
4x-1
RH.S. = f(t)
_t+3
C4t-5
3+5x+3
4x-1
3+5x_5
4x-1
_ 3+5x+12x-3
" 12+ 20x—20x+5
_17x
T 17
=X
=L.H.S.

4

and t
4x-5

_ 3+5x
4x-1

, then provethat x= f(t) .(June 2014)

Exercise2.1.1

Find thef ™ ,if it isexists(1 to 5)
1. f:R>R, f(X)=2x+5
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‘R R, f(x):6x7+5
‘NN  f(x)=xX
‘N->N, f(xX)=7x+2
‘Ro>R, f(X)=x
F(x) = ax+b’
bx+a
f(x) =€, provethat f(xy)=f(x)+f(y).

then provethat f(x)f(1/x)=L1.

. If f(x)=tan x, then provethat i) f(x+ y)=% and ii) f(zx):—l_z[ff((’)‘())]z

If f(x):log(XT_lj,then provethat f(x)+f(-x)=f(x?)

10. If f(x):log(x—_lj,thenisit bijective or not?
X

x(f(x)+1=0

11. If f(x):?,then prove that . (June 2014)
—X
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UNIT-2.2

3.1.12 Limit

2.2.1 Introduction

Thisisan introduction to Calculus. Calculusisthat branch of mathematics which many deals
with the study of change in the value of a function as the points in the domain change. Then we give a
definition of limit and study some agebraic limits.

2.2.2 Definition: If f(X) becomes arbitrarily close to a unique number L as approaches from either side,
then the limit of f(x) as approachesisL. Thisiswrittenas limf(x)=L

“If 3 Iir{nf(x) and "T f (X) are exists such that both are equals, then !(i_r)gf(x) isexists

with lim f (x) = lim () = lim f(x).”

X—a+

2 —
Example-1: Verify: Iin’1142X 11: 2 by following table. Where x¢%.

Xx—> X—
2

X 049 0.499 0.4999 0.51

f(X) 1.98 1.998 1.9998 2.02

2_
Here, f(x)=4x 1:2X+1,where x;tl.
2x-1 2

Then we know that lim f (x) =2.

X—>
2

Example-2: Find lim|x|.
X—0
X x>0
Soln:- We know that f(X):{
-X X<0

Then

X -0.1

(%) 0.1

Thenwe say that lim f(x)=0
x—0

Example-3: Prove that Ixi_rg[x] isnot exists.

11<x<2
2 2<x<3

Soln:- f(x):{
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X

f(x)

Then lim f(x)=1and lim f(x)=2
X—>2— X—2+

Then lim f(x)=2=1= lim f(x) =1
X—>2+ X—>2—

Then lim f(X) isnot possible.
X—2

2.2.3 Properties of limits:
Let imf(x)=L and limg(x) =K then

. Scalar Multiplication: lim[bf (x)] =bL
. Addition and subtraction:  lim[ f ()£ g(x)]=L+K
Product: lim[ f(x)-g(X)]=L-K

im0 _L

. Quotient:
X—C g(x) K

Power: lim] £ ()] :[Ixigg f (x)}n L

Examples-4: Provethat, if f(x) is constant function and f(x)=c, then lim f (xX) =c or in other

word limc=c and if lim f(X) isexists then limcf (X) =clim f (x).

Soln:- Supposef(xX)=cand xe (a—d,a+d)—{a} . Supposel=c.
a-d<x<a+d, xza=|f(x)-1|Ec-clke where O<e.
~limf(x)=c

X—a

~limec=c

X—a

If lim f (X) is exist then limcf (x) = limclim f (x) = clim f (x).

Example-5: Find lim(2x°+3x* ~5x+1).

X—2

Soln:- Here, 'Xii';(zx3+3x2 —5X+1) =2.22+3.2°-5.2+1
~16+12-10+1=19
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X2 +1

Example-6: Find lim :
+3x+4

x—1 X2

Soln:- Herefor x=1,x*+3x+4 %0

: xX*+1 1+1
lim—; =
-1 X°+3x+4 1+3+4

2
8

3 2
Example-7: Find Iimw.
x>0 4X° —5X° + 3X

3_ a2 x(x*—3x+1
Soln:- lim-X "X _jim ( )
x>0 4x® —5x* 43X x>0 x(4x2—5x2+3)

. X*=3x+1
=M
x>0 4X° —5X° +3

4 5.3 2
Example-8: Find lim X4 7X3+8X2 3+l :
x-1 3X" —5X” + 6X” —10X+ 6

X T8 -3kl (x=D(x-6x"+2x-1)
Soln:- liMm———F—— =lim
o13x" —5X° +6X° ~10x+6  *1 (x-1)(3x’ - 2X* + 4x—6)

. xX3-6x2+2x-1
=lim—; >
-1 3X° —2X° +4X—-6

3 2
Example-9: Find lim X3 5X2+8X 4 :
x-2 2X° —9X° +12x—4

Soln:- Suppose p(x) = x> —5x*+8x—4 and q(x) = 2x> —9x* +12x— 4.
If x=2, then p(2) =8-20+16-4=0 and q(2) =16—36+24—4=0.
. (x=2) is co-factor of p(x) and q(x).

lim x> —5x° +8x—4 _lim (x—2)*(x-1)
-2 2x° —Ox* +12x—4 =2 (x—2)*(2x-1)
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—_— 2 —_—
Example-10: Find |IIT11 3X2 +13X 3
X X —

3 2 _ _1\3
Soln:- lim X=X 3Ly (X2
x-1 X -1 -1 (X—=1(X+1)

(x-1)> 0

o1 (x+1) 2

3 2
-X +X

Example-11: Find lim=
0 X& —x®4 X

3 2
X3+ X2 X“(X°—X+1
Soln:- lim XXXy, (—4>

-0 X x>+ x =0 x(X°—x*+1)

_lim x(xz—x+1)_0(1)_
0 X+l 1

2.2.4 Someimportant formulae of limits:

. x"—a" ~ 5. limsinx=sna
1. lim =na"*': for VaeR x—>a
X—a X_a

_ 6. limcosx = cosa
2. limcosx=1 x>a

x—0

. sintx
sin X lim =1
3 ||m—:1 7' x—0 X
x—0 X

. tanx

*)O X

18

Example-12: Find I|m X (Jan 2012)
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_ ot x-1 187 18 9
_ x*®-1 16(1)* 16 8
lim
x->1 X—1

5
Example-13: Find lim X3+32.
x>-2 X°+8

5 5 5
Soln:- 1im X532 _ jim X =2
x>-2 X°+8 x—>-2 X _(_2)

im X —(2°

_©2 x—(-2) _5(-2)* _20
lim x*—(-2° 3(-2? 3
X—>—2 X_(_2)

4
Example-14: Find lim—; X 5 16 .
x>2 X* —3X"+3X—2

 (x-2)(—-x+1) 4-2+1 3
X—2

5_
Example-15: Find Iimw.

X—0 X

5
Soln:- ”mw

X—0 X

:”m(x+2)5_(2)5 = lim (X+2)5_(2)5
0 (X+2)-2 x+252  (X+2)-2

=5(2)* = 5(16) = 80

V25+ X —

Example-16: Find Iing—S(Jun(-}ZOB)
X—>! X

V25+x-5 im (25+ x)"? — (25)"?
x>0 X x>0 (254 x)—-25

Soln:- lim
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1, 1 1 1
==(25)2 =—— _="—
2( ) 2(25)¥% 10

3
_ . -8
Example-17: Find lim X

2% + X+ 2—3x+2

3_
Soln:- lim x -8

2 X+ X+2—/3X+2

. (X=2)(C + 2x+ 4) ) /X2+X+2+m:”m(x—2)(x2+2x+4)(\/x2+x+2+M)
2 x4 x+2-3x+2 CHX+2+/3x+2 2 (X* +x+2)—(3x+2)

_ (x—2)(x2+2x+4)(x/x2+x+2+M) _ (x—2)(x2+2x+4)(x/m+«/m>
=i xZ — 2X =lim X(X—2)

(x? +2x+4)(\/x2 +X+2++/3X+ 2)
=lim

X—2 X

- (12)(6 V8 _6aiz) - 242

Example-18: Find IimS'_ X

.a,b=z0
x-0 ginbx

. sinax
Soln:- lim=

x-0 gin bx

sinax . sSinax
-a  lim
—lim ax _ x->0  gx _
x>0 Sinbx . sSinbx
‘b Iim ‘b
bx x>0 px

1-cosx

2

Example-19: Find Iirro1
X—> X

. 1-cosx
Soln:- lim >

Xx—0 X

. (1-cosx)(1+cosx) . 1-cos’x
=lim 5 =lim—
x>0 x*(1+cosXx) x-0 x* (1+ cosx)

P2
Stim3 X o L g0
x>0 X° x2014COSX 1+1

Example-20: Find lim 1= Cosmx.
x-0 1—cosnx
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. 1-cosmx
Soln:- lim———
x>0 1—cosnx

1-cosmx , . 1-cosmx
— 7 Mm Im———-—
—lim (mx) _ o0 (mx)
x>0 1—cosnx I 1-cosnx ,

()* =0 (nX)?

m?
2
n
2

Example-21: Find Iimm.
x-0 aX + Sinbx

. Sinax+ bx

Soln:- lim—————

x-0 ax + Sinbx

sinax

+ bx
=lim—X*——

x—0 sinbx

ax+
X

_a+b_,
a+b

Example-22: Find Iimm
x-0 4X—Sin2X

Soln:- Iimm
x>0 4X—9 N 2X

tan5x
5X _3_ 5-3 _
4_231n2x 4-2
2X

1

Example-23: Find lim(secx—tanx).

x>2
2

) . 1 sin x
Soln:- Ilm(secx—tanx)zllm(———j
COSX COSX

x>P xoP
2 2
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:”m(l—sinx)(1+sinx)

x->P  cosx(1+sinx)
2

. 1-sin®x
=lim _
ol cosx(1+sinx)

. COSX
=lim :
X_>%1+SII’IX

tanx—sin x
3

Example-24: Find lim

x—0 X

. tanx—sinXx
Soln:- lim——————
Xx—0

Sin X—Sin XCcos X

=lim 3
X° COS X

sinx(1-cosx)
m 3
X3 cosx

i fanx (1-cosx)

X NG

Example-25: Find lim 210X~ 05X

P
xa4 X—

4

Sin X —CosS X
m—

P
4
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ﬁ(cosisinx—sinicosxj

Example-26: Find Iim(i— 22 j
1\ x-1 x° -1

Soln:- Iim(i— 22 j
1\ x-1 x° -1

. x+1—2)
=lim >
x—1 X =1

—lim X—_lj
(Xx=D(x+1)

i}:l/z
X+1

. . x—cos(sin™
Example-27: Find |ImX SCIIRY

L 1-tan(s ntx)

. X—cos(sin™ x
Soln:- lim T S(_ — )
g —tan(sin— x)

T )
x—cos(sin"x) .. x-—cos(sin'x) . .
: S(, — ) _ lim S ) _ lim (-~ cos(sin™ x))
L_o8nEinTx) L NS
ﬁl—_i& 2l 2
cos(sin"* x) cos(sin™ x)
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im3N7X=SN3X 5ne 2013)

Example-28: Find
Soln:- Iim—sm?x_—sme
x—0 SN X

sin7x sin3x
=lim—*—— X
X0 sin X
X
sin7x_ sSin3x

7
X 3X

sin x
X

3

_I=3_y
1

Example-:29 Find lim z_an5x .(June 2013)

x>0 g N 3X

2 —
Example-30: Find IimL)Hg(Dec.ZOB)

x1 X% + 2X —

X2 —4x+3 im (x-3)(x-1)
1 X2 +2x—3 1 (X+3)(x—1)

Soln:- Iim

X;SZE:_EZ_]_/Z
-1x+3 1+3 4

Example-:31 Find Iingw (Dec.2013)
X—> X

COSecx —cot X

Soln:- Iim
x—0 X
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. 1-cosx ..
=lim— =lim
x—0 XSin X x—0 X

1-cosx X
2 &nx

Exercise2.2.1

Find the limit of followings:

x*-3x*+5x-6 5

1.lim =—
12

X—2 X3—8
. X*—-9x+20
2.lim———
x5 X°—6X+5

3.|im(2X_23)(‘&_1) ~-1/6
-l X 4+ X-2

4_”m—M
>0 xJa+X

cotx=1

=1/4

=1/2a

. 2sinX—sn2x
6.I|m—3:1
Xx—0 X

1- cosx~/cos2x
XZ

7.1im =3/2

x—0

. X2 —4
8.Iim =—
x22 \[x+2—+/3x—2

. X =3¢ +2
9.lim——

x->2 X° —5x°+3x+1

=5/4

ADVANCE MATHEMATICS(Mr. A.D.Parmar)

”m\/x+h—\/§ 1
. h -

. lim
. lim

5X* +3C + X* —2x—7

. lim =29/15

-1 x* +5x% + x> —6x—1

np1 \/éCOSXF:SII']X )
X X—
: 3

2%

X“x/xz—ljtx/xa—l_\/:_)J v2

. J2a+3x—+x+4a

-1

oa[3a+2X ++/Ax+a

X+ X+1-+/x+1
m 2
0 X

=1/2

X—>




——=log,e=1
n

SX
Example-:32 Find |irT0]e 1.
X—> X

3x_
Soln:- lim&_—1 = IimB(

x—0 X x—0

Example-:33 Find lim&——%

X—0

. e¥—¢
Soln:- lim

X—0 X

ax

e -1
=1lim —lim
Xx—0 X x—0

R - et Y - oy |
=lima —limb =a-b
x—0 ax x—0 bx

Example-:34 Find Iirrg(w} .(June 2013)
X—> X

Soln:- "rﬂ[wj

X

(e —1+sm2xj=”me —1+”m25|n2x 1i9-3
X x->0 X x—0 2X
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tan x

Example-:35 Find I|m—e
x>0 X —tan X

Soln:- If x—>0thenx—tanx— 0.

ex—tanx _1
X—tanx

j:eo(l):l

X+5
Example-:36 Find Ilmﬂ

X—0 X

x+5_ X 5_ 5
Soln:- Iimﬂzlimu

X—0 X x—0 X

_32lim? ‘1=32|ogez

X—0 X

Example-:37 Find lim—— Iogx

x-1 1— X

Soln:- Suppose logx=Yy then x=¢€’. Moreover x—1 then y — 0.

imi99X _jim—Y_ — _jimY_ -1

x-1 11— X y—>01— @Y y—0 @’ —

Example-:38 Find lim log Xe 3
x—>€* X

Soln:- Suppose logx=Yy then x=€’. Moreover x — e’ then y — 3.

Example-:39 Find lim log(a+ X) ~log(a=x) (a>0
X—> X

log(a+ x) —log(a— x)
X

Soln:- lim
Xx—0

a+ X
—I|m—Iog£ j
x—=>0 X a—X
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x->0\{ 1

+ 2X

Example-:40 Find Iim(l_ 2x

Example-:41 Find Iim10 _5‘_2 1
x>0 xsinx

10°-5"-2"+1
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. 525 -2"+1
=lim -
X0 XSin X

gl® 02
x>0 X-X SN X

:nm(SX—l)nm(zx_l)nm X
x—0 X Xx—0 X x—>OS|nX

=log5-log2-1=10g5-log2

Example-:42 Find Iirrg15 = 2_3 +1(June2013)
X—> X

15 -5 -3 +1

2

Soln:- Iim

x—0 X

. BF3F -5 -_3+1
=lim
x—0 XX

_ Iim(5x ~1)(3*-1)
x—>0 XX

S Y Y

x—0 X x—0 X

=log5-log3

Example-:43 Find |im%i+x) (uly 2014)
X— —_ X

0 1-cos

Soln:- Iimw
x>0 11— COSX

=IimIog(1+ X) 1
x—0 X 1-cosx

X2

=IimIog(1+ X) 1

1-cosx
2

x—0 X “m
x—0 X

.1 1
_leg(};Iog(1+ X)'I

2
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1

=2limlog(L+ X)X

1

= 2loglim(1+ X)*
=2loge=2

Example-:44 Find lim 2n-1

03045

3 712
Example-:45 Find lim—n_—/1_+31-1000
" 8n° + 18n% — 6 + 2004

5n® — 7n* + 3n—1000
Soln:-lim
n>< 8n° +18n° — 6n + 2004

(s 7.3 1000)

8+O O+0

Example-:46 Provethat lim )

n—oo n

=0

(G

n

Pr oof: - Here we know that

IimE:O. So, Iimﬂzo.

n—oo n n—o0 n

Example-:47 Find Iim( n2+n+1—n). (July 2014)

n—ow
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n—oo

Soln:- Iim( n2+n+1—n)

( n2+n+1—n)( nN°+n+1+ n)
=lim

n—oo

( N°+n+1+ n)

. n*+n+1-n°
=lim

“””(x/n2+n+1+ n)

n+1

=lim

Exercise2.2.2

Find thelimit of followings:

at-a” . at=b*
1.1im 6.lim
x—0 X

5X
7.0im&—%
x—0 SIN X
8'limlog(x+a)—loga
x—0 X
9_|imu
x>0 1—CcoSX

. el _gnx—¢*
10. lim
x—0 X
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UNIT

Three

Differentiation and its Applications

UNIT-3.1

3.1.13 Differentiation

3.1.1 Introduction

We have seen in the unit 3, that by knowing the position of abody at varioustime intervalsit is
possible to find the rate at which the position of the body is changing. It is of very general interest to
know a certain parameter at various instants of time and try to finding the rate at which it is changing.
There are severd redl life situations where such a process needs to be carried out. For instance, people
maintaining areservoir need to know when will areservoir overflow knowing the depth of the water at
several instances of time, Rocket Scientists need to compute the precise velocity with which the
satellite needs to be shot out from the rocket knowing the height of the rocket at various times.
Financial institutions need to predict the changes in the value of a particular stock knowing its present
value. In these, and many such cases it is desirable to know how a particular parameter is changing
with respect to some other parameter. The heart of the matter is derivative of a function at a given
point in its domain of definition.

3.1.2 Déefinition:- Supposef isareal valued function and aisapoint in its domain of definition.
The derivative of f a ais defined by

9tz (0= limtO= Ty, T+ =109

dx t—x t—X h—0 h

Examplel: Find thederivativesof f(x)=x", ne R
Here f(x)=x"

Then f(x+h)= (x+h)"

f(x+h)—f(x)

Now, f'(x)=lim _jim &) =X
h—0 h h—0 (X+h)—X

.t -
Now we take x+h=t, then f'(x)zltlm " X
—X _X
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Thus, i(x”) =nx""
dx

Example2: Find thederivatives of f(x)=sin x. (Nov. 2002)
Here f(xX)=sin x, then f(x+h)=sin (x+h)

Then f(x+h)-f()=sin (x+h)-sin x=2 cos(x+h/2) sin(h/2)

Now 1) =lim f(x+ hr)]— f(x)

h). h h
2C0S| X+— |Sin— sin—
, : . 2 .. h
f'(x)=Ilim = lim——=.limcos| x+— |=cosXx
h—0 h h—»0 h h—0 2

2

Thus, isin X = COSX.
dx

Example3: Let [ R=>R T(X)=3x+5 1t f'(D jgexigtsthen find it.

@t f(1+hr)1— f (1)

. 31+h)+5-8 . 3h
=limm— = ——|im—=

h—0 h h—0 h

3

Thereforef’(1) isexistsand f’(1)=3.

Example4: Let f:R— R, f(X)=sinx, if f/(0) existsthen find it.
f(0+h)—f(0) _ Iimsmh—O :“msmh 1
h h—0 h h-0 h

f1(0) =lim

Therefore f’(0) is exists and f(0)=1.

Exercise3.1.1
Find the followings

d )
. —COSX=-SinX
dx

iaX—aXIog a iIogx—1
" dx ¢ " dx X

. i25in2x+3005x+1 . il—.cosx
dx dx sinx
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Important formulaefor derivatives:

0. f(x)

Remarks

Xn

neR

N
1. c(constant)
2
3

log x

X#0

-COSEC X Cot X

Sec X tan x

-COSec’X

1
K

1
2x
1

3.1.4 Workingrulesof Differentiation:
If f and g be two functions of x, such that

dy du dv

1. Derivativeof sum and difference: If y=u+v,then —=—+—.

dx dx dx

2. Derivative of product: If y=uv, then ﬂ:uﬂJrvd—u.
dx dx dx
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dy dw du dv

=UV— +VW—+WU—

dx dx dx dx

dy k% where Kk is constant.
X dx

If y=uww, then —

If y=Kku, then —
du dv

V——Uu—
dy " dx dx

. Derivatives of division: If y==, then .
% dx %

If y=X then I __K QU
\Y; dx u? dx

i(x3 +3+3%)
Example5: Find dX .
i(x3+3X +3) e by, 95
dx dx dx dx

=3x*+3*log3+0=3x*+3"log3

Example6: Find

d| 2 1 x| d
&{x2+z+(ﬁ) Jd

=§x% 2 x% +(\/§)X log 22
2 2

3(- 522 log 2

4
2

2X

9 gx
Example7: Find dx

d oy d g 131 1 4
- Zx5 =Zx5
dx 5 X

)
_X__
Example8: Find & XJ.

2
x—lj :i[x2 —2+i2j :i(x2 -2+ x’z) =2Xx—0-2x"°=2x-2x2°
X dx X dx
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d ( . 1)
—| a*+logx+=
Example9: Find & X/,

d(_, 1) d d d 1 1
—la‘+logx+=|=—a*+—logx+—x"'=a*loga+=-—
dx X) dx dx dx X X

=6x°—-3-30x°

d 4x*-5x+1
Example11l: Find dx X =X
d 4x*-5x+1 d (x-1)(4x-1)
dx X-x*  dx  x*(x-1)

= 14)(—4_1 = i4x‘3 4 X4 =-12x"* +4x7°
dx X dx dx

Exercise3.1.2

Find % for thefollowings:
X

2. y — X—1/2 + X—l/3 + X—1/4

C-7x*+1

icos2 X
Example12: Find dx

d ) d
—C0S” X = — COSXCOS X
dx dx
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d d
= COSX— COS X + COS X— COS X
dx dx

= 2C0SX(—SinXx)
= —25IN XCOSX
=—-8n2X

d .
—sin2x
Example 13: Find dx

d . d .. d . . d
—SN2X=—29N XCOSX = 2| COSX—SIN X+ SIN X— COS X
dx dx dx dx

= 2[sinX(—sin x) + cosxcosX]
= 2(cos’ Xx—Ssin X)
= 2C0S2X

i(a+bsinx}
Example 14: Find X\ C+dSNX) \where c+dsinx=0.

dx\ c+dsinx

d (a+bsinx] (c+dsinx);((a+bsinx)—(a+bsinx)ci((c+dsinx)

(c+dsinx)?

_ (c+dsinx)bcosx—(a+bsinx)d cosx

- (c+dsinx)?

_ bccosx+bdsinxcosx—ad cosx—bd sin xcosx
- (c+dsinx)?

_ (bc—ad)cosx
(c+dsinx)?

d cosx
Example 15: Find dX1+sinX where sinx#-1.

. d d :
d cosx (@+sn x)&cosx—cosx&(hsm X)

dx1l+sinx (1+sinx)?
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_ (I+sinx)(=sin x) —cOSXCOS X
(1+sinx)?

_ —sinx—sin® x—cos® X
- (1+sinx)?

_ —(1+sinx)

© (1+sinx)?

o

" 1+sinx

d secx-1
Example 16: Find dxsecx+1,
d secx-1_ d 1-cosx
dxsecx+1 dx1+cosx

_d 1-cosx1-cosx
" dx 1+ cosX 1— Cosx
_d (1-cosx)?

" dx 1-cos’ x

_d 1-2cosx+cos’ x
T dx sin® x

= di (cosec’x — 2cosecxcot X+ cot? X)
X

d » d d .,
= — COSEeC“X — 2— COSEeCcxX cot X+ —Ccot” X

dx dx dx
= 2cosecx(—cosecxcot X) — 2[cot X(— cosecx cot X) + cosecx(— cosec? x)] + 2cot X(—cosec®x)
= —2C0Sec’XCot X— 2| ~ COSECXCot” X— Cosec’ | — 2cosec’xcot X

— —400Sec’Xcot X+ ZCose(:x(cot2 X+ coseczx)

d . )

Example 17: Find &sm(cos(tan(x +2X+3))).

%sin(cos(tan(x2 +2X+ 3)))

= cos(cos(tan(x2 +2X+ 3)))-(—sin(tan(x2 + 2x+3)))-(se(:2 (x*+2x+ 3))~(2x+ 2)

d x> sinx
Example 18: Find dX

d 5. od 5 Ld .
—X°SiNX=SNX—X + X°—sin X
dx dx dx
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=sinx(2x?) + x* cosx
=2x?sin X+ X° cosx

= Xx*(XCOSX+SinX)

iIog X-tan x
Example 19: Find dX .

d d d
—log x- tan x = log x— tan x + tan x—log X
X dx dx

=log xsec® X+ tan x[lj
X

1
=log xsec® X+ —tan x
X

dx-1
Example20: Find & X*+1 (June 2011)
2 d 2 2 d 2
ixz_l_ q (x +1)&(x -1 —(x —1)&(x +1)

dxx2+1  dx (x> +1)°

(€ +1)2x— (X —1)2x
- (x* +1)2
22X +1-X2 +1)

B (x> +1)°

_ 4x

(¢ +1)?

Example 21:
Exercise3.1.3

Find the dy for following:
X

:s!nx+cosx > :4x+7smx'(2009) 3 y= X
SIN X— COS X 5x+8cosx 1+ cot x
y=sin®x 5. y=sin’x 6. y=x'+€"logx
:2x—3 9 y:Iogx

=3 8. .
y 3x-2 X
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d 2 2x—1
— 4| x+ s
Example 22: Find dx X+3 )\ x? +3x+

Suppose y—(x+ 2 )[ 2x-1 )
’ X+3 )\ xX*+3x+2

[ X+ 3x+2 2x-1
_( X+3 j(x2+3x+2j
_2x-1

~ x+3

dy d2x-1

Then =
dx dx x+3

(x+3)$((2x—1) —(2x—1)§x(x+1)

(x+3)?
_2X+6-2x+1 7
(x+3)? (x+3)?

dy
Example 23: Find dX for following:
y =log(tanx)+cosx (Jan 2012)

y= Iog(x+ VX% +a’ ) ,(June 2011)

1+sinXx
1-sinx
y =log(sinx), (Dec.2014)

y=log (2005)

Soln:- 1) Here, y=log(tanx)+cosx.

dy d d
— =—(log(tan X)) + — cos x
dx dx( 9( )) dx

1 d )
=———tanx-sinx
tan x dx

COSX ., .
=—"sec® X—sinx
sinx

cosx 1 . 1 .
== >——SINX=—"—"———-98NX
SIN X COS™ X SIN X COS X
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25N XcosX
= 2C0SEeCcX —Sin X

2) Here, y = Iog(x+\/x2+a2)

&_ 1 e R I W
YR dX(x+ x+a) — ( X+ x+aj

x* +a’
= ! 1+ 1 x+a)
dx

X+ X2 + a2 22X + a2

= L 1+ ! (2X)J
X+ X2 +a° 2Ux? +a°

_ 1 1, X J: 1 {\/x2+az+xJ
X+ X2 +a? U+a? ) x+Ux+at| Jx¥+al

l1+snx 1 1+sinx
3) Here y = Iog ==log _
—sinx 2 1-snx

1-sinx 1-snxl+sinx 1-sn“x COSs” X

1+snx 1+sinxl+sinx (l+sinx)’ (1+sinx)2_£1+sinx]2

COsX

1+sinx_1I 9 1+sinx —ll 1+sinx)’
l1-snx 2 l1-sinx) 2 COSX
1+sinx} (1+sinx
=log
COSX COSX

J: log(1+ six)—log(cosx)

dy d l+sinx d
=2 _ log(1 —|
" I og L anx dx( og(1+sinx) —log(cosx))

d . d
=—1Jlog(1+sin xX) ——Ilog(cosx) =

dx o ) dx o ) 1+sinx dx
COSX _—sinx cosx 1- smx sinx

1+sinx cosx 1+smx1+smx COS X
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_ cosx(1- smx) sinx
0 x @ CoSX
_ cos’ x(1-sinx) +sin xcos® X
- cos’ X
_l-sinx+sinx _
- COS X a
=SecX

4). Here, y=log(sinx)

’ Q=LCOSX=COtX

Tdx  sinx

Example 24: |f y:Iog[—'XJraerJ then provethat x* +a* —= = 2.(June 2014)

X +a? —x
[v2 . 2
Soln:- Now, y:log[%}
X +a —X

1 d [\/x2+a2+xJ

__\/X2+a2+x & \/X2+a2—x

i e e ey

Udx a4 x ( —— _X)2
_(Ji)(lj(\/i)[\/ilj
(Voeva (Vo wa —x]
(m—x)(x+m)—(x—\/x2+a2)(\/x2+a2+x)
Nare

X’ +a’—x
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(\/x2+a2 —x)(x+\/x2+az)+(\/x2+a2 —x)(\/x2+a2 +x)

Ly

dx a’\x* +a’

> dy X +a’-x+x+a’-x
X +at L= -
dx a

2
.'.x/szrazﬂzzi2

dx a

.'.\/x2+a2ﬂ:2
dx

2

2

Example25: If y= Iog(x+ Ji+ xz) then provethat (1+ xz)d ¥+x%:0. (Dec. 2014)

dx X
Soln:- Here, y= Iog(x+ 1+ xz)

W

x| V1
1

“yl_\/1+_x2

A1+ Xy, =0

L (1+x7)y?=0

2(1+ x2) Y,Y, +2y,°x=0
.'.(1+x2)y2+xyl=0

Example26: If y=1log(secx+tenx) then find % (Dec.2014)
X

Soln:- Here, y =log(secx+ tenx)

Ly 1
dx secx+tenx
_dy  secx(secx+tenx)
"dx  secx+tenx

(secx-tenx+sec2 x)
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Example 27: Find % for followings:
X

1. y:sin’lz
a

1
_ -1 3
2. y=cos (4x 3x), O<x<—2

3. y:tanl,/tzgzi, p<X<2p

NI+ X -1
X

4. y=tan

Soln:- 1.) Here, y:sin’lz,
a

d 1 , o X
d—y= : [Uertt ‘0l8lR’ oll [ARa sin™ of lasEot co ue =
X a

[1 7 X
HUyH ol Uyl e oll (a.aal — ol 5L ol cllol
a

A Yfouse secl.]

Theni) If a>0, then ¥ -2

1
dX_\/aZ_X2 a

. dy —-a
i). If a<0, then —==
) dx \/az_xz

2.) Here, y=cos™(4x°-3x)

1
a

Suppose that z=cos™ x then x=cosz.
Now, 0< x<%

= cos% < COoSY < cos%:%< y<% , [51RUL 3 €0S YUH URGHL Ueq laud B
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=p <3y<%:>0<3y—p <%

Now,
cos*(4x° - 3x)
=cos™*(4cos’ y-3cosy)
=cos *(cos3y)
=cos ' (—cos(p —3y))
=cos ' (—cos(3y—p))
=p —cos*(cos(3y—p))
=p-(@By-p)
=2p -3y
=2p —3cos ' x

Then,

W_d st (4% -3x)
dx dx

= %(Zp —3cost x)
-1 3

JL«2:¢T%

=0-3

1-cosx

3.) Here, y=tan™
1+ cosx

tan " |tan >
2

Now,

p <X<2p
p X
= —<=<

2 2 P

:>tan§<0
2

Then, y = tan|tan 3| = tanl(—tanfj = —tanl[tanfj __X
2 2 2 2

ADVANCE MATHEMATICS(Mr. A.D.Parmar)




4) Here, y=tan™

V1+x-1
X

Suppose, if 3 q=tan'x 3 —%<q <%
= X=tanq

Then,

y=tan Vi+x* -1 o VJ1+tan®q -1

X tang
1 Secq -1 ~tan 1—_cosq
tang sing

tanﬂ]
2

=tan

ﬂ B 1
Then, dx 2(1+ x2) '

Example28: If y=tan™ then find % (Dec 2003)

1+ cosx
1+ cosx

Soln:- Here, y=tan”

2 X
1-cosx 2sin

’ a X
1+ cosx 20052 X

1-cosx
/ =tan
1+ cosx

Now

= tan? 2
2
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Example29: If y=tan™ 2x
1-x
12X

Soln:- Here, y=tan
y 1- X2

Take x=tang . Then 2X2= 2tan<21 =tan2q
1-x= 1-tan°q

sy=tan™(tan2g) =29 =2tan " x
dy_, 1 2

TAx 1+ 14X

Exercise3.1.4

Find dy for followings:

X
y=tan"=
a

4 [I+sinx p
=tan 1,/—, T ox<
y l1-sinx 2 P

y- tanl( COSX )
1+sinx

3.1.5 Differentiation of Implicit functions:

dy

Example30: If x*+ y®=3axy, then find J
X
Soln:- Here, x®+ y® = 3axy

d, s d

(X +y)=—3

dx( y) dx >y
d ; d 4 d

L—X+—Yy =3a—
dxX +de dxxy

53X +3y° d_ SaI:Xﬂ‘l- y-l}
dx dx
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Example3l: If x+y=sinxy, then find %
X

Soln:- Here, x+ y=sinxy

.'.—(x+ y) = ismxy

dy dy j
S+ —==cos X—+
dx xy( ax y

s (1- xcosxy)% = ycosxy—1

. dy ycosxy-1
“dx  1-xcosxy

3.1.6 Differentiation of parametric functions:

Suppose u = f(x) and v=g(x) thenfor % we follows two steps:
v

1. Firstfind % and ﬂ from the above functions.

dx dx
du
2. Then 3— = gx gives the derivative of u with respect to v.
V [
dx

Example 32: If x=

a(1+t2) bt
1

t2

> then fi nd ™ (June 2009)

Differentiate x=

Soln:- Here, x= a?tz
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Tt (1-t°) (1-1%)

t
1-t2

o a{(ltz)Zt(lﬂz)(Zt)] a[2t(1t2+1+t2) )

And y=2b

LW (1-t*)a-t(-21) | 20(1+t7)
dy (1) (1-t?)°

dy
Then ﬂ:i_Zb(lﬂz) (1—'[2)2 b(l+t2)

o (g ) = 2at

dt

Example 33: Find % for followings:
X

1. x=asecq andy=btanq (Jan 2012)
2. x=co0s’q and y=sin’q (June 2011, 2014)

Soln:- 1.) Here, Xx=asecq
dx

.. — =asecq tanq
dg

And y=btanq :g—g:bseczq

=t =——"" = _coseq
dX asecqtang a

2.) Here, x=cos’q = ((jj_x =-3co0s’q sing
q

And y=sin’q :>§—Z=35in2q cosq

dy
dy
Thus, & — dg _ 3sin"qoosq.
dx dx —3cos’qsing
dq

=—tanq
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Exercise3.1.5

Find dy for followings:
dx

Xy + y?x = e
sin(x—y)+cos(x+y)=1
xsiny+ysinx=0
x=asin’q and y=bcos’q

x=asing and y=a(1+cosq)

3.1.7 Logarithmic Differentiation:

Example 34: Find ixs‘nx
dx

sinx

Soln:- Suppose y = X
= logy = log x*"*
= logy =sinxlogx

Now, we differentiate it with respect to x.

iIogy d —(sinxlog x)
dx dx
1 1 dy sin

+cosx|ogx
y dx X

sinx
(—+cosx|og xj
X

inx [ SINX
—= x““x(—+cosxlog xj
X

Example 35: If x¥ =e*7, then provethat Q:LXZ. (June 2009)
dx (1+logx)

Soln:- Here,

x =€
= logx’ =loge”” = ylogx = (x—y)loge
= ylogx=x-y

Now, we differentiate it with respect to x.
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dx 1+ log x
Now, by (1)

ylogx=x-y

:>Iogx=§—1
:>5=1+Iogx

y 1
X 1+logx

Thus,

_y
dy_ " x
dx 1+logx
:Q_ log X

dx (1+log x)2

Example 36: Find % for followings:
X

1. y=x*, (July 2010, Dec. 2014)
2. y=(sinx)™, (June 2011)
3. logy=x*logXx, (June 2014,Dec.2014)

Soln:- 1.) Here, y=x*

= logy=Ilogx*
= logy = xlogx

Now, we differentiate it with respect to x.
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lg:Iogx+Z

y dx X

]
=—=y|logx+—
dx X

:ﬂ: xx(logx+§j
dx X

2)) Here, y=(sinx)™
= logy =log(sinx) ™"
= log y = tan xlogsin x

Now, we differentiate it with respect to x.

tan x . ,
= ——cosx+logsin x(sec’ x)
ydx sinx

:%: y(1+sec’ xlogsinx)

dy . tanx .
:&:(sm x) ™ (1+sec’ xlogsinx)

3.) Here, logy = x*log x

1dy d , &
——==logx— X+ X" =
dx X

= y(x*(1+logx) log X+ x"**)
X
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Note: We generally use following notations:

Example37: If y=xlogx then find vy, . (June 2014)
Soln:- Here, y = xlog x

X
=y, =logx+—
X
=y, =1+logx

1
jyzz;

x*(1-y?
Example38: If x*+y®=x’y® then provethatﬂ—M =0.(June 2014)
dx yz(x?’—l)

Soln:- Here, xX*+y°® = x%y®

d/ , 3) d/ 33
&(X Ty )—&(Xy)
= 3X° +3y2Q =3y°%? +3y2x3d— =X - Y% = yZXSQ— yzﬂ

dx dx dx dx

dy dy X (1-Y°
:>x2(1—y3)=yz(Xs—l)d—ijd—iz—yz((XS_lg

&y ¥(-y)

= o yz(x?’—l) =0
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Example39: If y= Iog(x+ V1+x? ) then provethat (1+x*)y, + Xy, = 0.(Dec. 2014)

Soln:- Here, y= Iog(x+ \/1+—x2)

1

1
= y = X 1+ 2X
b1 { 241+ X }
1 {\/l+ X% + x}

=Y

= X
X+ 1+ X J1+ %3

1
=>¥= \/]F
:\/ﬁylzl
= (1+X°)y =1
= 2(1+°) yyY, +2y,°x=0
= (1+X°) y, +xy, =0

Example 40: If y=2e*+3e™ then provethat y, -y, —6y=0.(Sept 2009, July 2010, Dec 2014)
Soln:- Here,

y=2e"+3e*
=y, =66 -6
=y, =186> +12e*

Now, L.H.S. =y,-Yy, -6y

=18e* +12e* — 6e> + 6e X —12e* — 18>
=0
=R.H.S.

Example4l: If y=ae*+be™, then provethat y, =k’y. (June 2011)
Soln:- Here,

y=ae* +be ™

= v, = ake® —bke ™
=y, = ak’e™ + bk’e™
=y, =k*(ae” +be™)
=y, =k’
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Example42: If y=acos(logx)+bsin(logx), then provethat x?y, + xy, + y = 0.(Jan 2012)
Soln:- Here, y=acos(logx)+bsin(logx)

=y, =-asin(log x)%+ bcos(log x)%

= Xy, = bcos(log x) —asin(log x)

1
X
= xy; + X'y, =—(bsin(log x) + acos(log x))
= XY, + XY, =-y

=Xy, +X°y,+y=0

=y, +xy, =—bsin(log x)%—acos(log X)

Exercise3.1.6
. If y=sin(sinx), then provethat y, +y, tanx+ycos’ x=0.
. If y=€"sinx, then provethat y, -2y, +2y=0.
. If y=logsinx, then provethat y, +y,>+1=0.
. If y=Acospt+Bsin pt, then provethat y, + p’y=0.

mtan~tx

L Ify=¢€ ,then provethat (1+x°)y, +(2x-m)y, =0.
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UNIT-3.2

Applications of Differentiation

In Unit-3.1, we have learnt how to find derivative of composite functions, inverse trigonometric
functions, implicit functions, exponential functions and logarithmic functions. In this unit, we will study
applications of the derivative in various disciplines, e.g., in engineering, science, social science, and
many other fields. For instance, we will learn how the derivative can be used (i) to determine rate of
change of quantities, (ii) to find the equations of tangent and normal to a curve at a point, (iii) to find
turning points on the graph of a function which in turn will help us to locate points at which largest or
smallest value (locally) of a function occurs. We will also use derivative to find intervals on which a
function is increasing or decreasing. Finally, we use the derivative to find approximate value of certain
guantities.

3.2.1 Velocity:
Velocity isthe rate of covering distance in a definite direction.
distance

velocity = ———,
time

V= % = f'(t), where v=velocity, ds = distance, dt = time.

Unit of velocity ism/s.

3.2.2 Acceleration:
Acceleration isthe rate of change of velocity.

velocity
time

acceleration=

" d —-= f"(t), where a=acceleration, v ,s, t are as above.

Cdt?

dv d(dsj d3s
a_ — J— —

dt
Unit of acceleration is m/s>.
NOTE:

1. When theinvestigation starts, the point of time is taken as t=0.
2. When a particle changes the direction of motion, its velocity is taken as zero, i.e. v=0.

Example43: Theequation of motion of a particleis s=t* -5t + 3t + 1. Find the time when the
particle changesitsdirection. (Nov. 2009, 2011)
Soln:- Here, s=t% -5t +3t+1
ds

v=a=3t2—10t+3=(t—3)(3t—1)
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When a particle changes a direction, v=0.

A (t-3)(3t-1) =0

..1=3sec. OR t:%sec.

Example 44: Theequation of motion of a particleis s=t*—3t* + 4t + 3. Find its velocity and
acceleration at t=2. (Jan. 2012)

Soln:- Here, s=t®—3t2+4t+3

V=E=3tz—6t+4
dt

dt\ dt

At, t=2, velocity v=3(2)%-6(2)+4=4 cnV/sec
And acceleration a=6(2)-6=6 cn/sec?.
Example45: Theequation of motion of a particleis s=t>+2t> -3t +5. Find its velocity and

acceleration of the particle at t=1 and t=2 sec.(June 2007,2014)
Soln:- Here, s=t°+2t* -3t +5

. Velocity v:$=3tz+4t—3,

Acceleration a:%:6t+4.

Case l: If t=1,

Velocity v=3(1)*+4(1)-3=4 cm/sec
Acceleration a = 6(1) + 4 =10 cm/sec’
Case2: If t=2,

Velocity v=3(2)%+4(2)-3=17 cm/sec

Acceleration a=6(2) +4 =16 cm/sec’.
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Example 46: If theequation of motion of a particleis s=t*—6t>+ 9t + 6, find its velocity when
t=0. And also find acceleration when v=0. (Sept. 2009)
Soln:- Here, s=t°—-6t* +9t +6.

. velocity

v:§:3t2—12t+9
dt

:qﬁ—m+$
=3(t-1)(t—3)

. acceleration a=6t-12=6(t-2),
If t=0, v=3(0—1)(0—3) =9 cm/sec
And when v=0, 0=3(t-1)(t-3)

S t=1lort=3
Case L: If t=1, a=-6 cm/sec’

Case 2: If t=3, a=6 cm/sec’

Example 47: Theequation of motion of a particleis s=t>+3t,t>0. Then
i Find the velocity and acceleration at t=3.
ii. When do velocity and acceler ation become equal ?  (Sept. 2009)

Soln:- Here, s=t3+3t.

. Velocity v:$:3tz+3

Accelerationis a:%: 6t . Now,

Att=., velocity v=3(3)* +3= 27 units and acceleration is a = 6(3) =18 units.
If velocity and acceleration are equal, then v = a gives
3t? +3=6t
53t —6t+3=0
S tP-2t41=0
+ (t-2)"=0
sot=1
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Example 48: Equation of motion of a particleis s=2t*>-3t> -12t + 5. Find the velocity and
acceleration of aparticleat t =1 secand t = 2 sec. (June 2014)

Soln:- Here, s=2t*—-3t*-12t+5

. velocity v:$ = 6t> —6t—12

Acceleration a:%:lzt—6

Case L. If t=1sec,then v=6(1)°-6(1)-12=-12 m/s
And a=12(1)-6=6 m/s’.

Case2: If t = 2 sec., then v=6(2)°-6(2)-12=0

And a=12(2)-6=18 m/s”.

3.2.3 Maxima and Minima
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